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Abstract 

We demonstrate that exceptional field theory is a truncation of the non-linear real¬ 
isation of the semi-direct product of En and its first fundamental as proposed in 2003. 
Evaluating the simple equations of the En approach, and using the commutators of the 
Ell algebra, we find the equations of exceptional field theory after making a radical trun¬ 
cation. This proceedure does not respect any of the higher level En symmetries and so 
these are lost. We suggest that the need for the section condition in exceptional field 
theory could be a consequence of the truncation. 
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1 Introduction 


The scalars that are part of a supergravity multiplet occur in the corresponding su¬ 
pergravity theory as a coset, or non-linear realisation, and the full supergravity theory 
possess the symmetries of the coset. This phenomenon was hrst observed in the context of 
the four dimensional N = 4 supergravity [1]. However, it was a surprise when it was found 
that the maximal supergravity theory in four dimensions possessed seventy scalars which 
belonged to a coset of E-j with subgroup SU{8) [2], The other maximal supergravities in 
D dimensions for D <9 were then found to possess a corresponding Eh-d symmetry [3]. 
While the IIB supergravity theory posses a SL(2,R) symmetry [4], 

It was almost universally thought that the E^ symmetries found in the maximal 
supergravity theories were a result of the dimensional reduction process and did not lift to 
the ten or eleven dimensional theories. As a result it was not thought that the symmetries 
were part of any underlying theory. However in 2001 it was proposed that the underlying 
theory of strings and branes had an En symmetry regardless of which dimension it was 
formulated in [5]. In particular, it was conjectured that the En symmetry was encoded 
in a non-linear realisation which extended the known supergravity theories. This proposal 
was motivated by the fact [6] that the maximal supergravity theories could be formulated 
as non-linear realisations of an algebra which contained traces of the En algebra. This 
conjecture can be put another way; it was proposed that the coset, or non-linear realisation, 
that the scalars belonged to generalised to include the other helds of the supergravity theory 
and that the underlying group had the features we are familiar in physics, that is, it is 
a Kac-Moody group, then as a consequence one that one had include in the non-linear 
realisation many more helds in the theory than just those found in the usual supergravity 
theories. This procedure involved introducing generators that carried space-time indices, 
that is, Lorentz indices corresponding to the helds that were not scalars. An account of 
the literature on symmetries in supergravity theories can be found in reference [5] and an 
even more detailed account in [7]. 

The paper of reference [5] put to one side the question of how to systematically 
incorporate space-time into the theory, however, this question was addressed in 2003 when 
it was proposed that the one should consider the non-linear realisation of the semi-direct 
product of Ell with generators that belonged to the hrst fundamental representation of 
Ell, called the li representation [8]. While the En part of the non-linear realisation 
lead to an inhnite number of helds the hrst few of which were the helds of the maximal 
supergravity theories, the h part lead to an inhnite number of coordinates that were in a 
one to one relation with the generators of the li realisation. To be more precise, taking into 
account the local symmetries of the non-linear realisation, for each generator in the Borel 
subgroup of Ell the theory possessed a corresponding held, while for each generator of the 
1 1 representation one found a coordinate. The helds then depended on the coordinates of 
this generalised space-time. 

The theories in the diherent dimensions emerge by carrying out the En 0^ li non¬ 
linear realisation for diherent decompositions of the algebra [9,10,11,12]. The theory in 
D dimensions comes from taking the decomposition into GL{D) x i7ii_£). This choice is 
unique except for ten dimensions where there are two possible choices of GL(IO), or Ag 
and so two possible theories in ten dimensions [5,6]. These are, of course, the HA and 
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IIB theories. In each dimension the generators of En (helds) can be classihed by a level 
which is the nnmber of np (down) minns down (np) indices. The two exceptions are in 
eleven dimensions where this nnmber mnst be divided by three and the ten dimensional 
IIA theory where the connting is straightforward, bnt more snbtile. The same is trne for 
the generators (coordinates) of the li representation bnt one mnst add (snbtract) one. 

There is very good evidence that the /i representation contains all brane charges 
[8,13,14,15]. Conseqnently, there is a one to one correspondence between the coordinates of 
the generalised space-time and the brane charges. Indeed one can think of each coordinate 
as associated with a given type of brane probe. Fnrthermore, for every generator in the 
Borel snbalgebra of En there is at least one element in the li representation [13], and 
as a resnlt for every held at low level in the non-linear realisation one hnds at least one 
corresponding coordinate. The reader will easily see this correspondence between the 
coordinates and helds at low levels. Papers [15,14,13] discnssed the appearance in the li 
representation of’’exotic” representations of GL(D), that is, representations that are not 
jnst labelled by a single set of antisymmetrised indices. The appearance of ’’exotic” brane 
charges implies the existence of correspondingly exotic generalised space-time coordinates. 

In any dimension, with the exception of the IIA theory, the level zero coordinates of 
the li representation are jnst the nsnal coordinates of space-time, a;“. In eleven dimensions 
the li representation leads to the coordinates [8,13] 


a:“(0),a:a6(l) (2) 1.(3) ; Xai...as (3), 


^bib2b3,ai...as ^{cd),ai...a9 ^cd,ai...a9 ^c,ai...aio (4), ••• (IT) 

where the nnmber in brackets gives the level. The coordinates np to and inclnding level 
seven were given in reference [13]. An analysis of the eqnations determining the generalised 
coordinates in lower dimensions was given in reference [15]. At level one in the li repre¬ 
sentation one hnds coordinates which are scalars nnder the Lorentz gronp bnt transform 
as [15,16] 


10, 16, 27, 56, and 248 ©1, of S'L(5), S'0(5,5), Eq, E-j and iJg (1-2) 

for T> = 7, 6, 5,4 and 3 dimensions respectively. 

The generators of the li representation in D dimensions that are forms, that is, carry 
a single set of completely anti-symmetrised space-time indices, are listed [12,15,16,14] 
in the table below. The coordinates of the generalised space-time, being in one to one 
correspondence with the generators of the li representation, it is trivial to read them oh 
from the table. In the hrst col umn we hnd the Lorentz scalar coordinates mentioned jnst 
above. 

A not well appreciated point is that the non-linear realisation does not jnst specify the 
representations of the helds and coordinates contained in the theory, it also specihes the 
dynamics. By its dehnition the non-linear realisation possess specihed symmetries which 
act on the gronp element. The helds and coordinates of the theory are the parameters in 
the gronp element and as the symmetries determine the way the gronp element appears in 
the theory they also determine the way in which the helds appear. 
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Non-linear realisations played a crncial part in the development of particle physics. 
The gronp of interest to researchers at that time was SU (2) x SU (2) with local snbgronp 
being the diagonal snbgronp SU(2).The dynamics which the non-linear realisation deter¬ 
mined was fonnd to be that of the pions and as a resnlt researchers begnn to nnderstand 
the role symmetry played in the nnderlying theory. 


Table. The generators in the li representation in D dimensions 


D 

G 

Z 



^ai...a3 

^CLi .. .a4 

^ai ...as 

^ai...aQ 

^ai...a7 

8 

SL{3) G SL{2) 

(3,2) 

(3,1) 

(1,2) 

(3,1) 

(3,2) 

(1,3) 

(3,2) 

(6,1) 








(8,1) 

(6,2) 

(18,1) 








(1,1) 


(3,1) 










(6,1) 










(3,3) 

7 

SL{5) 

10 

5 

5 

10 

24 

40 

70 

- 







1 

15 

50 

- 








10 

45 

- 









5 

- 

6 

50(5,5) 

T6 

10 

16 

45 

144 

320 

- 

- 






1 

16 

126 

- 

- 








120 

- 

- 

5 

Eq 

Tf 

27 

78 

351 

1728 

- 

- 

- 





1 


351 

- 

- 

- 







27 

- 

- 

- 

4 

Er 

56 

133 

912 

8645 

- 

- 

- 

- 




1 

56 

1539 

- 

- 

- 

- 






133 

- 

- 

- 

- 






1 

- 

- 

- 

- 

3 

Eg 

248 

3875 

147250 

- 

- 

- 

- 

- 



1 

248 

30380 

- 

- 

- 

- 

- 




1 

3875 

- 

- 

- 

- 

- 





248 

- 

- 

- 

- 

- 





1 

- 

- 

- 

- 

- 


The constrnction of the En <8)^ li non-linear realisation was compnted in many of 
the early En papers in varions dimensions for the helds at low levels, bnt keeping only 
the nsnal coordinates of space-time and taking the local snbgronp to be jnst the Lorentz 
gronp. However, the very nnfamiliar natnre of the many of the higher level helds and 
especially the coordinates inhibited the constrnction for a nnmber of years. Nonetheless, 
in 2007 all ganged maximal snpergravities in hve dimensions were constrncted by taking 
the helds to depend on some of the generalised coordinates [12]. In 2009 the papers [17,18] 
compnted the dynamics of the En li non-linear realisation in fonr dimension keeping 
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the 56 Lorentz scalar coordinates in addition to the nsnal fonr coordinates of space-time, 
bnt only the helds at level zero, that is, the metric and the scalar helds. 

Snbseqnently the En 0s li non-linear realisations was constrncted in dimensions fonr 
to seven and corresponding Lagrangians were constrncted bnt keeping only the scalar helds 
and only the level one coordinates, that is, the coordinates of eqnation (1.2) [19]. This 
meant discarding the graviton and and even the nsnal coordinates of space-time as well 
as all helds at all levels greater than zero, except the scalar helds, and all coordinates at 
level greater than one [19]. In fact these Lagrangians in six and seven dimensions had 
previonsly been constrncted [20], bnt the resnlts of [19] make it clear that they were jnst 
the non-linear realisation of En 0^ radically trnncated in the way described. 

A more systematic constrnction of the En 0^ li non-linear realisation was nndertaken 
more recently in eleven dimensions [21] and in fonr dimensions [22]. In the former paper 
the eleven-dimensional eqnations of motion involving the helds at levels np to and inclnding 
the dnal graviton (level 3) and the generalised coordinates a;“, Xaia 2 and Xai...ar, were given. 
While in reference [22], the fonr dimensional eqnations involving the scalars and vectors and 
the coordinates at levels zero and one, that is, the nsnal coordinates of space-time and the 
Lorentz scalar coordinates in the 56-dimensional representation of Et, were given. It was 
fonnd that once one specihed the Lorentz, and in the case of fonr dimensions also the SU(8), 
character of the eqnations they were nniqne. Fnrthermore these eqnations when restricted 
to the nsnal space-time and helds did indeed agree with those of maximal snpergravity, 
althongh the eqnation relating the nsnal graviton to the dnal graviton reqnired fnrther 
stndy to be snre of its precise form. 

The non-linear realisation of En 0s li when evalnated at low levels for the helds and 
coordinates provides detailed eqnations of motion that involve the nsnal snpergravity helds 
and derivatives with respect to the space-time coordinates as well as some of the higher 
level coordinates. It also provides a geometry for the generalised space-time which has a 
specihed tangent space eqnipped with a tangent gronp and a generalised vielbein which is 
determined and indeed easily compnted at low levels. 

The Ell conjectnre can also be stated as follows; the complete low energy ehective ac¬ 
tion of strings and branes is the non-linear realisation of i?ii0s/i. It has been thonght that 
the complete low energy ehective actions were the maximal snpergravity theories, however, 
it has become clear that there are helds in the En 0^ li non-linear realisation that are 
needed in the complete theory and these helds are not contained in the nsnal formnlations 
of snpergravity. Hence if it is shown that the En^g h non-linear realisation does contain 
the dynamics of the snpergravity theories when one trnncates the higher level helds and 
coordinates then one has in ehect provided overwhelming evidence for the conjectnre. It 
may be hoped that the existence of an En symmetry in the low energy ehective action 
can provide some hints on what is the theory that nnderlies strings and branes. Clearly 
the Ell proposal is more ambitions than to jnst reformnlate the snpergravity theories. 

As we have mentioned the symmetries of the En 0s li non-linear realisation essen¬ 
tially determine the dynamics, bnt these symmetries do not inclnde the familiar general 
coordinate and gange transformations. However, the dynamics, at least in the most recent 
calcnlations of references [21,22] , do seem to possess these symmetries. In the early papers 
on Ell it was hoped that one conld carry ont a simnltaneons non-linear realisation with 
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the conformal group as was done in reference [23] for gravity and diffeomorphism trans¬ 
formations, however, this has not been possible to implement for the full En symmetry. 
Recently, by assuming compatibility with the En symmetries, a simple formula for the 
local transformations, that is, the diffeomorphisms and gauge transformations and their 
higher level analogues has been given [24]. One hnds that the local transformations are la¬ 
belled by the li representation and so there is one local transformation for each coordinate 
in the generalised space-time. 

A separate development that originated from the realisation that strings could wrap 
around circles and as a result the string helds possessed not only the usual space-time mo¬ 
menta but also momenta associated with the wrapping of the circle. The resulting theories 
were found to be invariant under T duality. Corresponding to the doubling of momenta a 
corresponding doubling of coordinates was then introduced into the hrst quantised string 
theory [25] in such a way as to obtain a theory that was manifestly T duality invariant. 
In 1993 a manifestly T duality held theory that contained the massless NS-NS helds of 
the superstring which depended on doubled coordinates [26,27] was found. In this work 
a section condition that restricted the dependence of the helds on the doubled space-time 
was introduced and the held equations were shown to be a consequence of a generalised 
Riemann curvature condition. 

Beginning in 2009 a held theory, called doubled held theory, was given. It contained 
the massless NS-NS helds of the super string which depended on the doubled coordinates 
and a had section condition [28,29,30,31]. It was eventually revealed that doubled held 
theory was equivalent [32] to the theory introduced by Siegel in references [26,27]. As a 
result we refer to this theory as Siegel theory. A new development of Siegel theory was 
its extension to contain the massless helds of the R-R sector of the superstring [34]. This 
result was found by constructing the En^sW non-linear realisation in the decomposition 
appropriate to the IIA theory in ten dimensions. The dynamics at level zero was just Siegel 
theory [33], but the dynamics at level one contained the massless helds of the R-R sector 
of the superstring [34]. We note that this work required no section condition. 

A more recent development has been the construction of the so called exceptional held 
theory [35-39]. The starting point for this development was that 

- the En symmetries can be lifted to the eleven dimensional theory. [5] 

- The usual space-time is generalised to include the coordinates given in equation (1.2) 

[ 8 ]. 

The helds content of the exceptional held theories are essentially the usual supergravity 
helds and so it has largely the same held content as the helds of the En 0^ li non-linear 
realisation at low levels. Hence the main ingredients of exceptional held theory are just 
those found previously in the non-linear realisation of iJn 0^ /i at low levels. Indeed this 
latter construction was explained in detail to one of the subsequent authors of exceptional 
held theory [40]. 

To understand why the reader, and particularly the younger researcher, could be 
forgiven for thinking that the En approach was only remotely connected to exceptional 
held theory it is useful to note that the reference to the En approach in the hrst paper on 
exceptional held theory [35] was ”.(For more ambitious proposals see [12-[14]).”. 

We resist the temptation to further comment on the misleading account given in 
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reference [35], but we note that it did not reference paper [22] which gave the held equations 
of the gauge and scalar helds in the En^sh non-linear realisation in four dimensions, that 
is, the dynamics of these held which depended on the generalised spacetime of equation 
( 1 . 2 ). 

One aspect in which exceptional held theory dihers from the En approach is that 
in the latter the equations of motion are derived from the symmetries of the non-linear 
realisation, however, in the former one uses gauge and diheomorphism transformations 
which were suggested by the notion of a generalised Lie derivative [41] in the enlarged space- 
time of equation (1.2) [ 8 ]. However, diheomorphism and generalised gauge transformations 
were formulated in paper [24] within the context of the En < 8)5 /i non-linear realisation. 
Their form was in fact determined by the symmetries of the latter. 

In this paper we show that exceptional held theory not only has the generic features 
of the Ell non-linear realisation at low levels, but that it is contained within it if 

one makes a radical truncations. In section two we review the parts of the En h 
non-linear realisation that we require. In section three we evaluate the non-linear gauge 
transformations of reference [24] for the low level helds using a parameter that carries a 
tangent space index. In section four we give the generalised held strengths that appear in 
the held equations of the En^sh non-linear realisation. While in section hve we introduce 
a matter held in the context of the En 05 li non-linear realisation, which belongs to the 
li representation, and construct its covariant derivatives which are evaluated at low levels. 
In section six we transfer the results of sections three and hve to a world volume point 
of view. We hnd an alternative formulation of the transformation of the vielbein which is 
given by 

Ea^SEu^ = iD^)n^iD^)j:^deA^ + A^drEn^EA^ 

where the parameter has a world index, Eu^ denotes the vielbein that lives on the 
generalised spacetime and (H—)n^ are the representation matrices of the li representation. 
We also hnd the transformation of a world volume matter held which belongs to the 
1 1 representation; the result is given by 

dsA^ + A^ + ijV^ djiA^. 

Evaluating the two results at low levels, and brutally truncating, we hnd variations for the 
low level helds that agree with those found in exceptional held theory [35,36]. The same 
applies to the generalised held strengths found in section four. 

2 Review of the non-linear realisation of En 0s li. 

In view of the results of this paper it is conceivable that readers may, and indeed 
perhaps should, want to learn the En approach. As such we take the liberty of briehy 
reviewing this approach. 

It has been conjectured that the low energy ehective action of strings and branes is the 
non-linear realisation of semi-direct product of En with its hrst fundamental representation 
denoted li [5,8]. The commutators of this algebra, which is denoted by En 0 s /i, can be 
written in the form 


[R«, rA] = [R^, I a] = -{D^)a^Ib (2.1) 
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where R— are the generators of En and I a are the generators belonging to the /i repre¬ 
sentation, as is encoded in the second commntator. The Jacobi identities imply that the 
matrices {D—)a^ are a representation of the En algebra, 

[D^^D^] = ( 2 . 2 ) 

We nse the indices a,{3,... to label the generators of En. A review of the En algebra 
and indeed Kac-Moody algebras in general can be fonnd in the book of reference [42], 
Indeed in this reference the reader can hnd the En 0 s li algebra when decomposed into 
representations of SL(ll) is given np to level fonr. 

The non-linear realisation of En 0s is constrncted from the gronp element g G 
E\\ 0 s li that can be written as 

9 = 9i9E (2.3) 

In this eqnation is a gronp element of En and so can be written in the form Qe ~ e^—^~ 
and Aa are the helds in the non-realisation. The gronp element gi is formed from the 

generators of the li representation and so has the form where are the coordinates of 

the generalised space-time. The helds Aq, depend on the coordinates z^. The explicit form 
of these gronp elements can be fonnd in earlier papers on En, snch as in hve dimensions 
in [ 12 ], and more recently in eleven dimensions in [ 21 ] and fonr dimensions in [ 22 ]. 

The non-linear realisation is, by dehnition, invariant nnder the transformations 

9 -t 9o9, 9o e £^11 0s h, as well as g gh, he /c(£n) (2.4) 

The gronp element ^ £11 is a rigid transformation and so it is a constant, while the 
gronp element h belongs to the Cartan involntion snbalgebra of £ 11 , denoted A (£ 11 ); it is 
a local transformation, that is, it depends on the generalised space-time. As the generators 
in gi form a representation of £11 the above transformations for go e £11 can be written 
as 

9i -t 9o9i9o^, 9e -t gogE and gE -t gEh (2.5) 

The Cartan involntion is an antomorphism of the algebra, that is Ic{AB) = Ic{A)Ic{B) 
for any two elements of the Lie algebra A and B and an involntion, that is, (A) = A. It 
takes positive root generators to negative root generators and its action can be taken to 
be 

R{R^) = -R-^ ( 2 . 6 ) 

for any root a. The Cartan Involntion snbalgebra is generated by R——R~—. For the famil¬ 
iar hnite dimensional semi-simple Lie gronps the Cartan Involntion invariant snbalgebra 
is the maximal compact of snbalgebra; for example for SL(2,R) the Cartan Involntion 
snbalgebra is SO( 2 ), while for £3 it is SO(16). 

Eqnation (2.6) leads to a theory that lives in a space with Enclidean signatnre. How¬ 
ever, one can adopt an alternative Cartan Involntion by scattering some minns signs and 
one hnds that the theory has a Minkowski signatnre [43]. As it is tiresome to keep track 
of these minns signs, it is easier to work with the Cartan Involntion that leads to the En¬ 
clidean signatnre and then change to Minkowski signatnre at the end. This is the conrse 
of action we will take in this paper. 



It follows from equation (2.5) that the coordinates are inert under the local transfor¬ 
mations but transform under the rigid transformations as 

z^Ia -t z^'Ia = Ooz^IaQo^ = z^D{g~^)u^lA (2.7) 

When written in matrix form the differential transformations act as dz'^ —)■ dz"^' = 
dz'^ D{gQ^). As a result the derivative 9n = gfrr in the generalised space-time transforms 
as = A>(fi'o)n^9A. 

The li representation of En is, by dehnition, given by 

U{k){lA)=k-^lAk = D{k)A^lB, keEii ( 2 . 8 ) 

where D{k)A^ is the matrix representative. For an inhnitesimal transformation A; = 1 - 1 - 
a^R— and the matrix takes the form D{k)A^ = As a result, we recognise 

the matrix D{gQ^)^ that appears in equation (2.7) as the matrix representation of the h 
representation, although the indices are labelled according to the role which they will play 
later in the physical theory that emerges from the non-linear realisation. 

The dynamics of the non-linear realisation is just an action, or set of equations of 
motion, that are invariant under the transformations of equation (2.4). We now recall 
how to construct the dynamics of the the En^sh non-linear realisation using the Cartan 
forms which are given by 

V = g-^dg = VE+Vi, (2.9) 

where 

Ve = QE^dgE = dz^Gn^^R-: (2.10) 

belongs to the En algebra and are the Cartan form for En, while the part in the space 
of generators of the li representation is given by 

Vz = 9E^{9^^dgi)gE = 9E^dz ■ IgE = dz^Eu^U (2.11) 

While both Ve and Vi are invariant under rigid transformations, but under local 
transformations of equation (2.5) they change as the 

Ve h-^VEh + h-^dh and Vi h-^Vih ( 2 . 12 ) 

Although the Cartan form is inert under rigid transformations, the rigid transforma¬ 
tions do act on the coordinate differentials contained in the Cartan form and this action 
induces a corresponding rigid En transformation on the lower index of Eu'^. On the other 
hand, a local Ic{Eii) transformation acts on the a index of Gn,a and on the A index of 
Eyi^ as governed by equation (2.12). We may summarise these two results as 

En^' = D{go)n'^EA^Dih)B^ or {E-^)a^' = D{h-^)A^{E-^)B'^D{g^^)A^ (2.13) 

Thus Ejj'^ transforms under a local Ic{Eii) transformation on its A index and by a 
rigid Ell induced coordinate transformation of the generalised space-time on its 11 index. 
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These transformations mean that we can interpretation of as a generalised vielbein of 
the generalised space-time which possess a generalised tangent space that has the tangent 
gronp Ic{Eii). 

Examining eqnation (2.11) and recalling eqnation (2.8), we recognise as the 

representation matrix D[gE)Ti^, and so Eu^ = D{gE)ii'^ = (e^-^“)n^- It is nsefnl to 
take the Cartan form to be in the li representation, taking the commntator of G'n,a-R— of 
eqnation (2.10) with I a we End that 

Gn,A^lB = Gn,J,D^)A^lB = {E-^)A^dnEA^lB = -[Gn^R^, I a] (2.14) 

Converting the hrst index on the Cartan form to be a tangent index and nsing the 

generalised vielbein we can write The Cartan form in tangent space as 

Ga,b^ = {E-^)A^GnB^ = {E-^)A^{E-^)B'^dnEA^ (2.15) 

Under the Ic{Eii) local transformation of eqnation (2.12) we hnd, nsing eqnation 
(2.14), that 


G'^a^ = D{h-^)A^Gn,c^D{h)D^ + D{h-^)A^duD{h)c^ (2.16) 


Thns if one chooses to constrnct the dynamics nsing the Cartan forms Ga,b^ one 
jnst has to ensnre that the eqnations of motion, or the action, are invariant nnder the 
local Ic{Eii) transformations. Fnrthermore the non-linear realisation antomatically comes 
eqnipped with a generalised geometry in that it has a generalised tangent space, with 
tangent gronp /c(i?ii), and a generalised vielbein Ea^- 

As the dynamics is jnst that which is invariant nnder the transformation of eqnation 
(2.5), or eqnivalently (2.12), it follows that this is, for a general non-linear realisation, 
determined by the gronp theory of the non-linear realisation. The worst that can happen 
is that there are several constants whose valnes are not fixed, bnt it is very often the case 
that the dynamics is nniqnely fixed. 

In this paper we will consider the En 0^ li non-linear realisation in hve dimensions. 
The algebra, helds, coordinates, generalised vielbein and all the data need for the con- 
strnction are given in appendix A. Here, for convenience, we record the helds which are 
given by 


ha^ 




A. 


aM, 


A, 


N 

a\a2 J 


A A 

^ 010203 , aj ^aia2,oj 


(2.17) 


and the coordinates of the generalised space-time which are 


xn, 


X, 


N 


^ai 02 , 0 ) ^ab i • ■ • 


(2.18) 


3 The gauge transformations 

The Ell h non-linear realisation does not obvionsly possess diffeomorphisms and 
gange transformations as one of its symmetries. However, it was shown in reference [24] 
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how the Ell symmetries of the non-linear realisation conld be nsed to determine the 
transformation laws of these, and other, local symmetries; the resnlt was given by 

E-\^dEn^ = {D^)a^{D^)c^DdK^ (3.1) 

where is the parameter of the gange transformation, which depends on the generalised 
space-time, and D^A.^ = ED^i^duA^ — and is the connection which 

will be discnssed in sections hve and six. The repeated a index means a snm over all snch 
Ell indices. The parameter A*^ carries the indices of the li representation which leads 
to the generalised space-time. Thns there is a one to one correspondence between local 
transformations given in eqnation (3.1) and the coordinates of space-time as well as the 
brane charges. Despite its nnfamiliar appearance, eqnation (3.1) does contains the nsnal 
general coordinate and gange transformations [24]. 

At the linearised level the transformations of eqnation (3.1) reads [24] 

SAa = iDa)D^dcA^, or eqnivalently 6Aa^ = {D-)A^{Da)D^dcA^ (3.2) 

where at this level Eu^ = '^n + '^a(-D—)n^ ~ These lowest level variations 

were evalnated at low levels in fonr, hve and eleven dimensions in reference [24]. 

We now evalnate the gange transformations of eqnation (3.1) in hve dimensions at low 
levels, bnt inclnding the non-linear terms. The En^sh algebra, the helds and coordinates 
of the non-linear realisation and generalised vielbein and the other qnantities we need are 
reviewed in appendices A and B. Taking A = a and B = N in eqnation (3.1) we hnd that 
the only non-vanishing (D—)a^ is for a = aN. Using that the Cartan-Killing metric is 
given by g°'^bM = 

{DaN)c^ = 9 a],i.{D^)c'^ = {DaN)c'^ (3.3) 

Examining the content of the li representation of eqnation (A.3), and nsing that =| 

eqnation (3.1), for onr chosen valnes of A and B, is given by 

E-\^6Eun = -{DaN)D'^DcA^ 

- -(D„^)^ll'’D,Ap - (D„^)V||QD^Af - + ... 

= DaAN - 10 dNMP D^Aa^ - 12 (D“)^ ^ D^Aab, a + • ■ • (3.4) 

Care has to be taken with the position of the indices, for example taking B = N resnlts 
in an N index which is downstairs, as it shonld be when it appears on the vielbein, rather 
than the inverse vielbein. Looking at the dehnition of the vielbein of eqnation (2.11) we 
indeed see that it shonld be in the opposite position to the N index on . Given the 
snbtleties with the index placements we will often nse a || to make clear the separation of 
the A and B indices on D— and the connection. 

We now evalnate the left-hand side of eqnation (3.4). Looking at the hve dimensional 
vielbein of eqnation (A.28) and its inverse of eqnation (A.32) we hnd that it is eqnal to 

E-\\\^6Eni\N = E-\\A6 E,\\n + 
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= + Aapd^SidN^) = -e-^^SA^^id^^) (3.5) 

We note that the vielbein has a universal factor of (dete)“5 but this, and its derivative, 
drop out of the above expression . Taking this equation together with the right-hand side 
of equation (3.4) we hud that 

SA^^ = {D^Am - 10 dMRP D^Aa^ - 12 (D“)^ ^ a + • • •) (3.6) 

We now consider the right-hand side of equation (3.1) when A = ai and B = ^a 2 
whereupon it takes the form 

+ (£>««/)“''”’“ ||A/£>"A(,.fe.a+ ||M + ...} 

= 2D|„. A„,]« - 12 (D“)„ ~D"A„,„„„ + ? (!)“)„ ''D"A„,„, + ... (3.7) 

To hud the variation of the held we must evaluate the left-hand side of this equation; 

£„,ll"3£n||a/ = + (3.8) 

In deriving this equation we have used the fact that d^^^ is an Eq invariant tensor and 
that dp can be identihed with an Eq group element in the relevant representation. Taking 
these results for the left and right-hand sides of equation (3.1), for our chosen indices, we 
hnd that 

SA^/‘ = (-q.An'’ + 6 (1)^ „ '=!)''A„.„, ^ “ 5 + '' '> 

(3.9) 

Finally, in equation (3.1), we take the values A. = ai and B = aia 2 a to hnd that the 
right-hand side of equation (3.1) reads 

- = -3D[„, A„„,|“ + ... (3.10) 

while the left-hand side is given by 

-E^aill^ dEii\\a2az^ — Abaia2) + • ■ • 

and as a result 

~ ■^A‘2A‘3]a + • ■ • (3-11) 
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We will now evaluate the above gauge transformations at very low levels. To do 
this we will need to evaluate the covariant derivatives acting on the gauge parameters 
which belong to the li representation. In section hve, with the help of appendix B, the 
covariant derivatives of the an object which transforms as the li representation does 
under Ic{Eii) are introduced and evaluated at low levels. The covariant derivatives that 
appear in the gauge transformations have the same form as the the covariant derivatives 
acting on and the connections act on the parameters in the same way. Nonetheless 
the detailed expressions for the connections may not be the same in the two different 
applications. 

We may write the gauge transformation of the held AaN as 

= -e^“dfP„AM = e^^d%iDaM)c^DDA^ (3.12) 

In section hve this covariant derivative on was evaluated at low levels and in equa¬ 
tion (5.14) truncated to contain only the component Vn, which corresponds here to the 
component An, using this result we hnd that 

= -{dete)U%{d^AN + Aph!^,«(I)“ - D-^)n^ 

+A^pd^{d^AN + Am^^AD" - D-^n^) 

+ lOdNMpd^{O^AA + ApVL^ -I- ...} (3.13) 

where we have also keep one term which contains the level two parameter A^^ but discarded 
all other such terms. 

Using the covariant derivative introduced in section hve we can write the gauge vari¬ 
ation of the held A^^^A: given in equation (3.9), in the form 

(3.14) 

This can be further evaluated using the formulae in section hve, especially equation (5.17). 

We close this section by hnding, at low levels, the gauge transformations of the level 
zero helds, namely the vielbein and the scalars. To hnd the variation of the vielbein 
we take A = a and B = b in equation (3.1) whereupon, using the vielbein and generalised 
vielbein of Appendix A, that is, equations (A.28) and (A.32), we hnd that the left-hand 
side of this equation becomes 

Ea^ SEA = {dete)Aa^ S{{dete)~AA ^ ^ (3.15) 

While the right-hand side of this equation is given by 
eA SEA = VaA^ = Da A^- D\ Aa^ {Dc A" + Aat + DA AA) + • • • (3.16) 
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where we have used equation (B.14). As a result we conclude that 

= DaA^- D\ A^r + + • • • • (3.17) 

Keeping only terms involving the held e^“ and the parameter A“ we recognise that this 
held has the standard transformation under general coordinate transformations. This 
justihes the choice of e^“ = (e^)^“ to be the correct vielbein rather than the combination 
= (dete)“5e^“ that appears in the generalised vielbein given in equation (A.28). 

To hnd the variation of the scalars, that are contained in their vielbein ScIn^ we 
choose A = N and B = M in equation (3.1). Using the vielbein and inverse vielbein given 
in equations (A.28) and (A.32), we hnd that the left-hand side of equation (3.1) is given 
by 


E^^SEum - idete)U^^ Siidete)--^)dM^) = 6dM^ - 6ex^ (3.18) 

While, using equation (B.13) the righthand side of equation (3.1) is given by 
E^^ 6EnM = V^Am = {D^f m ^ Db A^ 

= 6 (Il“)^ ^ {D^)p ^D^Aq-6 (D“)^ ^ {D^)p ^ D<^q A„^ 

+ {D\f M {Da^)/DdA^ + {D\f M {DaY QD^^P + iD^^bf M {Da^)/’‘^QD‘^QA,^l 

- ^ {iD\f M {D\)/Dd A- + iD\f M {D\fQ dQ Ap + {D\f m (H^)/’ D<^q A/ 

= D^ Am- D<^m - 10 d^P^ dMQR {D^ Ap - p A^^) 

~5^{D,A^ + DPAp + ?,D^pA/) + .... (3.19) 

In this last equation we have used the expression of the Cartan-Killing metric of equation 
(B.13) and the identity of equation (A.14). The variation of dpi^ can be found by using 
equation (3.18) and equation (3.19) to be given by 

d^pidi, = d" Km- D^m Ac" - lOd"'”'' dwQR (D® Ap - O'p Ac*^) 

A-S^,D’-Kp-ls^,D-‘pA/ 

= 6 (B“)„ « (D„)p « flf A, - 6 (B“)„ « (D„)p « A„^ + ... (3.20) 

In section six we compute the gauge variations of the helds with a parameter that is 
a world vector rather than a tangent vector. After a radical truncation we make contact 
with the analogous quantities found in exceptional held theory. 
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We close this section by noting the relation between the gange transformations of 
eqnation (3.1) and local transformations. We can write eqnation (3.1) in the form 

E-\^SEu^ = ^(D^+D-^)A^iD^)c^DnA^ + ^{D^-D-^)A^iD^)c^DDA^ (3.21) 

We recognise the last term as an /^(ii'ii) transformation of Ejj^ and this we can discard 
from the gange transformation as it is symmetry of the theory. We also note that the 
gange transformations also contain the rigid En transformations [24]. 

4 Construction of the generalised field strengths. 

As explained in section two, if one nses the Cartan forms to constrnct the dynamics 
then the invariance nnder the rigid En symmetry of the non-linear realisation is antomat- 
ically encoded and one jnst has to ensnre invariance nnder the local snbalgebra IciEn). 
This has been the strategy adopted in most of the previons En papers. Indeed, in [21] 
and [22] a systematic effort was made to hnd the eqnations of motion of the En^li non¬ 
linear realisation in eleven and fonr dimensions respectively. The dynamics consists of a 
series of dnality relations that are hrst order in derivatives with respect to the generalised 
coordinates and, at least at low levels, the dynamics appears to be nniqnely determined by 
the symmetries of the non-linear realisation. As snch the dynamics consists of eqnations 
which were linear in the Cartan forms which, we recall from section two, have the form 
GA,a where the hrst index A arises from the /i part of the non-linear realisation and the 
second index a is from the En part. At the linearised level GA,a = and as snch if 

A = a we get a lead term in the Cartan form that contains the nsnal space-time derivative 
of a held while if A is a higher level index we get a derivative with respect to one of the 
higher level coordinates. 

Examining the resnlting eqnations of motion of references [21] and [22], it becomes 
apparent that the Cartan forms that contain a leading term that has a nsnal space-time 
derivative, that is, (ja,a came together with a Cartan form whose leading term contains 
the derivative with respect to one of the higher level generalised coordinates. The reader 
may look at eqnations (4.10), (4.11) and (4.14-17) of reference [22] to see how this works 
in fonr dimensions nsing jnst the symmetries of the En 0^ li non-linear realisation. 

In reference [24] the same phenomenon was observe in fonr and hve dimensions, bnt 
instead nsing the rigid En symmetry instead of the local Ic{Eii) symmetry. Since we are 
considering hve dimensions in this paper, we now recall how this goes in this dimension. 
The eqnation of motion of the held AaN ninst contain the Cartan form G[ai,a 2 ].v as at the 
linearlised order it is of the form G]^ai,a 2 \N ~ It was fonnd that snch a term in 

the eqnation of motion occnrs in the combination 

^[aiAajJAf + lOdATflS^'^Aa^aj'^ (4A) 

In terms of Cartan forms this means that the eqnations of motion involve the combination 

Qaia2N = G'[ai,a2]Af + RsG^ ^aia2^ (4-2) 

The eqnation of motion of the held AaN implies that its held strength, which is 
contained in G]^ai,a 2 \N^ is dnal to the held strength of the held Aa^a 2 ^ which is continned 
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in the Cartan form (j[ai,a 2 a 3 ]'^- At the linearised level the latter is of the form (j[ai,a 2 a 3 ]^ ~ 

Q 4 AT ’ 

r^[ai ^a2a3] 

Carrying ont the same procednre for the held Aa^a 2 ^ 'w® hnd that it occnrs in the 
linearised combination 

d[aAa2a^f + 6(0^) ( 4 . 3 ) 

and as a resnlt the associated Cartan forms mnst occnr in the combination 


= G[a„a2as]^ + Q{D^) (4.4) 

We refer to the modihed held strengths, snch as in eqnations (4.2) and (4.4), as generalised 
held strengths. Conseqnently, the eqnation of motion for the vector held shonld relate the 
generalised held strength of eqnation (4.2) to the dnal of the generalised held strength of 
eqnation (4.4). 

An alternative way to hnd these combinations is to nse the gange transformations of 
eqnation (3.1). It snfhces to do this nsing the linearise expressions for the helds in the 
Cartan forms and their lowest order gange transformations. One hnds that and 

Gaia 2 a 3 ^ are invariant nnder the lowest level gange transformations of eqnation (3.1), that 
is, those given in eqnation (3.2). These latter transformations for the lowest level helds 
are [24] 

SAaM = —da^M + lOdMpqd^+ 12 {D^)m^ d^Abais + ... 
dAa^a2^ = + Q{D^) 9^ Abaia2/3 + . . . 

6ha^ = dae + + ..., 

= -6{D^)p^d^AR + 6(T>“)p^a|jAb^ + ... (4.5) 

The last eqnation can also be written as 


5(Pm^ = Q{D^)M^{D^)p^{d^AR - 4A6^) + ... 

where (t>a- It is instrnctive to recall that the scalar vielbein is de- 

hned by the eqnation Q-4>aR°‘^4>aR°‘ _ ■ One then hnds that {d~^)M^ = 

(exp(-T>“ 0 „))M^. 

Applying these argnments to the scalars we hnd that the qnantity 




( 4 . 6 ) 


is gange invariant at lowest level nnder An transformations and so the non-linear qnantity 
that shonld appear in the eqnations of motion is given by 

Qa,c. = Ga,c. - Q{Da)p^G^,aR ( 4 - 7 ) 
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For the graviton it is the quantity 

daht^^ + (4.8) 

which is invariant under under lowest order An transformations and this in turn implies 
one should in the equations of motion use the quantity 

= Ga/ + ls^bG^,aP (4.9) 

Of course for the scalars one must also take into account the standard local symmetry of 
the non-linear realisation Eq with local subgroup USp(8) which requires one to use the part 
of the Cartan form that is in the coset and so transforms homogeneously. While for the 
vielbein we must also ensure general invariance. In fact the unique object composed from 
the vielbein and which has only one derivative that is invariant under general coordinate 
transformations at lowest order is the spin connection. The above discussion suggests 
that this should be modihed by replacing derivative of the vielbein by the combination of 
equation (4.9). 

We now give explicit expressions for the objects in equations (4.2) and (4.4). The 
Cartan forms Gn,a are dehned in equation (2.11). They are very simple to evaluate using 
their dehnition in equation (2.10) and they have been extensively computed in previous 
Ell papers, for example in hve dimensions in the [12,44]. They are given by 

Gu,aN = dnAaN (4-10) 

G^n,aia2^ = ^ |P^|a2]Q (4-11) 

G'n,aia2a3/3 = ajag/S“ g 9n^[ai |M^|a2 | Af ag](-D“) q^ — 9n^[aia2 JV (-D“)M^| 

(4.12) 

The Cartan forms of equations (4.2) and (4.4) have as their hrst index a tangent index 
rather than the world index that they possess in equations (4.10-12). The quantities are 
related by Gji,ct = E~^A^GYi,ct where the inverse vielbein E~^ is given in appendix A 
in equation (A.32). Evaluating the effect of the inverse vielbein we hud for example that 

Ga,a = ^a^G^^a + AaMd^G^ -(- {2Aau ^— —d^d^^^AaRAjys)G'^p^^ + ... (4.13) 

We now truncate the quantities of equations (4.2) and (4.4), keeping only the helds 
AaN and and the derivative and , and discarding all higher level terms to 

hnd the expressions 

Gaia2N = e[a^^dfj,Afj^a2]N + A^aiN^^^a2]Q + ^^dNRsd^{d^Aa^a2^+2^^^^^^^lai\P^\a2]Q) 

(4.14) 
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and 


^ df,A\a,\pA\a^^Q) + A[a,\pd^d^ 

+ dpA[a^\pd^A\a^\jlA\a2]Q - d^^^d^d^A[a^\M^\a2\P^\a3]QdLRW 

+A[aia2^ d\.a3]S “ g C?T^^^^[aia2 “^^aslS “ 10(i^'^'^di?SVKC?^^[aia2'^^^^aglT (4-15) 

In deriving this resnlt we have used the identity of equation (A. 14) and we have rede- 
hned Aa^a^agQ, before discarding it. After a suitable held redehnition the generalised held 
strengths of equation (4.14) and (4.15) agree with the generalised held strengths given in 
the papers [35,36] on exceptional held theory in hve dimensions. The possible exception 
is the coefficient of one term whose value in the papers on exceptional held theory we are 
not sure of. We will assume that this coefficient does in fact agree on closer examination. 

The equation of motion for the vector was deduced using the symmetries of the non¬ 
linear realisation En^sh in four dimensions [22]. It essentially stated that the generalised 
held strength were self-dual. It is inevitable that a similar calculation in hve dimensions 
will lead to a condition self-duality condition relating the generalised held strength in 
equation (4.14) and (4.15). 

5 Matter representations 

Matter representations for non-linear realisations were introduced in the classic papers 
of reference [45] for the case when the group did not include space-time generators. These 
are objects which transform linearly under the local subgroup. In previous papers on En 
such matter representations were not discussed as they are not needed for the development 
of the theory, but it is straight forward to introduce them. We recall that the generators 
of the li representation by dehnition belong to a representation of En, a fact that is 
encoded in the second commutator of equation (2.1), and they transform under a hnite 
Ell transformation as in equation (2.7). As a result they must transform under the local 
subgroup, Ic{Eii) as follows 

h-^lAh = D{h)A^lB (5.1) 

where h G /c(i?ii). Such an inhnitesimal transformation is of the form h = 1 -|- act{R— — 
R-^). 

We can introduce a li matter representation whose transformation is such that 
V'^'Ia = h~^V^lAh and as a result it transforms as 

= V^D{h)B^ = + V^{D^ - D-^)B^a^ + ... (5.2) 

We observe that this is the same way as the A index on the generalised vielbein Eu^ 
transforms. Examining the components of the generators of the li representation given in 
appendix A we hud that the representation has the components 

= {F“, Fat, Fj^, Fe.e^a, Fe.e^, • ■ •} (5.3) 
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We define the covariant derivative of to be 


VaV^ = {D^)a^{D^c^DdV^ (5.4) 

where the snm is over all indices a. In this eqnation we define 

Da = gapD^ (5.5) 

where gap is the inverse of ^ which is the Cartan-Killing metric of En which is given 
in appendix A. We also take 


DdV^ = - V^Qn,D^) (5.6) 

Where On,D*^ is the connection which changes nnder a local /c(i?ii) transformation as 

fin' = D{h-^)VtuD{h) + D{h-^)duD{h) (5.7) 

where in this last eqnation we have viewed as a matrix and D{h) is the matrix 

D{h)A^ for h G Ic{Eii). The connection is to be constrncted from the Cartan forms of 
eqnation (2.9). Examining eqnation (2.16) we recognise that these Cartan forms have the 
correct transformation law of eqnation (5.7). In fact the part of the Cartan form that 
belongs to the local snbalgebra has precisely this transform and so from this viewpoint 
alone one conld jnst take this to be the connection. However, it will tnrn ont that the 
connection is the Ic{Eii) part of the Cartan form pins a specific combination of the Cartan 
forms that belong to the coset part which transform covariantly nnder Ic{Eii). This is 
apparent when one considers general relativity from this viewpoint. It is nsnal to take 
the connection, no matter how it is constrncted, to belong in the local snbalgebra which 
wonld imply that = f2n,a(77— — )d*^, however, in this paper we will take a 

more liberal perspective. 

The derivative DdV^ transforms covariantly nnder a local /c(E'ii) as one might 
expect 

{DdV^)' = D{h-^)D^DEV^D{h)F^ (5.8) 

This is not an irredncible representation of Ic{Eii). We can project it onto the ad¬ 
joint representation of /c(£'ii) by acting on it with {Da)c^ and consider the qnantity 
DeV^ which, nsing eqnation (5.8), transforms as 

{D^)c^{DdV^)' = {D^)c^{DDV^)+a^{fP%-r^-:^{DT)c^DDV^ (5.9) 

from which it is clear that it does indeed transform in the adjoint representation of Ic{Eii). 
In evalnating this eqnation we have nsed the resnlt 

D{h)D^{D^)F^D{h-^)E^ = D{hR^h-^)D^ = + r^-^)D:L (5.10) 

where h is the infinitesimal transformation given below eqnation (5.1) and that by definition 

1 + D^ = D{I + m). 
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Examining equation (5.4) we find an additional factor of {D—)a^ in the definition 
of the covariant derivative. However, when the indices A and B are specihed the value 
of a is determined. As such the effect of multiplying by this factor is just an equivalent 
way to writing the quantity {Da)c^. Using the fact that the transformation of 
the adjoint representation simply rearranges the sum over a we hud that the covariant 
derivative dehned in equation (5.4) transforms as 

{VaV^Y = D{h-YA^VEV^D{h)F^ (5.11) 

When examining this formula it is important to remember that the factors of D{h) are 
projected by the {D—)a^ to he in the adjoint representation. 

The covariant derivative discussed in this section has the same form as the one which 
appears in the gauge transformations acting on the gauge parameters. This motivates 
our use of the projector onto the adjoint representation when constructing the covariant 
derivative, however, as is apparent from equation (5.8) even if we do not project the 
covariant derivative of equation (5.6) is indeed covariant. The steps below, in conjunction 
with appendix B, can be used to evaluate either covariant derivative. 

We will now evaluate in more explicit form the covariant derivative of taking 
particular components. To do this we will use the equations of appendix B and in particular 
we repeat equation (B.16) which is given by 

V„ = Vn-W dNMP B" 14f-12 (B“)^ " D\, D\ Uj-1 BV 14„+.... 

(5.12) 

Discarding the covariant derivatives of the level two components of and all higher level 
components, that is D'^m Vab ,« = 0 = Vab = ■ ■ ■ and using the expression for the 
inverse vielbein of equation (A.32), and equations (B.3), and (B.IO) of appendix B, we 
hnd that 


Va Vn = (det e) ^ {ea^{d^VN + ...) 

+Aapdl{d^VN + - d-^n^ +...) 

+(2A„,'^ - ^d^^^AasAbT)e^^diidAVN + + • • ■) 

-IQdNMpdf - VLn^,aQd^^^ 

-vY^n%{D^ - + 2 vfn^A + •■•) + •••} ( 5 . 13 ) 

The appearance of the (det e) ^ factors will be compensated by the change from a tangent 
to a world index on which requires the vielbein and so leads to the factor of (det e)~ 2 . 

In this last formula we now further truncate and set all components of to zero 
except for Vn to hnd that 


VaVN = (det e)Hea^{dA n + VpAAD" - D-^n^ 
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+Aapd^{d^VN + Vm^^AD^ - D-^nA + 10rf^MP< VLn^,aQd^^^ + ...} (5.14) 

We can repeat the above process for the derivative of the component V^. The expan¬ 
sion of eqnation (5.4) when we take the valnes A = a and B = b is given in appendix B in 
particnlar in eqnation (B.14). We then carry ont trnncations in the same spirit as above 
to hnd the expression 

Va = (det e)5 - 2 W - Vm + ■■) 

+ AaN d^^ V^-2 W - Vm + •••) 

+ (^2 AaA - ^ d^^^ AaP A,r^ e/ dN^ [dA - 2 W - Vm + •.•) 

- e/ d^^ [dA VA + 2 nA,ca^ - d^^^ nA ,+ •••) ^ 

- ^ (det e)^ [ea^ - 2 [e'"! Vm + ...) 

+ AdN dj^f^ - 2 W - Vm + •••) 

+ (^2AdA -^d^^^AdpA,R^ e^^dN^ (a%F‘'-2 0^^ W-0 '^/'^Fm + ...) 

+ d^^ Vn + (Il“ -D-^)^^ + 10 dNMP Vd^ + ...) 

- d^^^ dR^ [dA Vn + {D^ -D-^)^^ flA, a + 10 dNMP Vd^ + ...) 

+ e/ dN^ (dA Vd^ + 2 VA, e/ 1"" - dM I^p + -) + -] (5-16) 

Proceeding in the same way we hnd that the covariant derivative of V^ is given by 
Va VA = -2(det e)5 {d^ Vt]^ - d^^^ ,]m Vp 

- {D- O^, cV,]^+ 2 ^<^Vd^ + 2V^n^,eA..}j + .... (5.17) 

6 The world volume viewpoint 

The deliberations of the paper so far have largely been based on tangent space qnan- 
tities. In this section we will transfer onr resnlts to an approach based on world volnme 
qnantities. We begin by reformnlating the gange transformations of eqnation (3.1) by 
replacing the parameter of gange transformations by the world volnme object 
the two qnantities being related by A^Ea^ = A'^. We begin by processing the gange 
transformation of eqnation (3.1) which can be written as 

SEA = iD^)B^EA{D^)AED^EA^EF^Dj:A^ ( 6 . 1 ) 
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As explained above equation (2.14), the vielbein can be written as 

Substituting this into the above equation, using arguments similar to those given below 

equation (5.10) and the fact that a is a dummy index we hud that 

SEn^ = ( 6 . 2 ) 

Changing to the world volume parameter this equation becomes 

SEn^ = {D^)n^Ej:^{D^)j:^{deA^ + Ep^ideEr^ - Er^ne^D^)A^) (6.3) 


Using the fact that the torsion tensor is given by 

Tqa^ = OqEa^ - OaEq^ - EA^ne,D^ + Eq^^a^d^ (6.4) 

we may rewrite equation (6.3) as 

5En^ = (D^)n^^E^(I^-)E® A)eA^ + A^Sr^n^ (6.5) 

where 

DqA^ = deA^ + Ter^A^ - Ec^nr,e^A^ ( 6 . 6 ) 

In evaluating equation (6.3) we have used the identity 

{D^)u^EA^iD^h^Ec^A^drEe^ = iD^)F^En^{D^)c^A^Gr,D^ 

= A^drEn^ (6.7) 

In the last step we have adopted the normalisation 

(D!^)c°{Dg)D^' = Sf ( 6 . 8 ) 

We note that the part of the connection in equation (6.3) that is in /c(i?ii) results in 
a local Ic{Eii) transformation of E^^ of the form 

-{D^)F^Eu^{D^)c^A^nr,D^ = -{D^ - D-^)F^En^A^^r,^ (6.9) 

and so it can be dropped form the variation of SEn^ if desired. 


We now demand that the derivative that appears in the transformation of the vielbein 
of equation (6.5) is just an ordinary derivative, that is, it comes with no connection. The 
condition for this to be true we require that 

{D^ + Il-^)E®(Ter^ - Uc^Or,e^) = 0 (6.10) 

That we choose the particular sum over the values of a in the above expression is related to 
the fact, noted above, that the same sum with a minus sign is an Ic{Eii) transformation. 
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As a result the transformation of the vielbein is given by 

+ A^drEn^EA^ ( 6 . 11 ) 

This is the same pattern that appears in general relativity; the general coordinate trans¬ 
formation of the vielbein contains space-time derivatives of a parameter that appear 
with a connection when the parameter has a tangent index, but with no connection when 
the parameter has a world index. As a result the dehnition of the covariant derivative 
depends on whether it is acting on a world parameter or a tangent parameter. The same 
is true for the generalised geometry we are constructing in this paper. 

In section hve we introduced the /i representation which carried the tangent space 
index A. We now consider the corresponding world volume object = V^Ea^- Pursuing 
the analogy with general relativity further we take the vector to transform under the 
local transformations as 

= A’^arl^^ (6.12) 

Using the transformation of the vielbein of equation (6.5), we then hnd that under a gauge 
transformation transforms as 

SV^ = + A^^sU" + ;uU^aEA^. (6.13) 

We have added by hand the last term to take into account of the fact that could be a 
density. We note that had we not insisted that the transformation of the vielbein contain 
an ordinary derivative, rather than a covariant derivative, then the transformation of 
would not transform into itself alone. 

If we take 11 = then equation (6.13) becomes 

SV^ = -6 (Il“) (D^) pQ -F A^ d^Ap. (6.14) 

provided we brutally truncate it to keep only the components and A^ of the vectors 
and A^ respectively. This agrees with the transformation of this object given in the 
papers [35,36] on exceptional held theory. 

We now evaluate the gauge transformations of equation (6.11) for the level zero and one 

helds. We begin with the transformation of the vielbein which occurs at the lowest level of 

— i 

the generalised vielbein, given in equation (A.28), in the combination = (det e) ^ e^“. 
Taking 11 = /r and A = n in equation (6.11) we hnd that the right-hand side becomes 

= (D^)/(Zl^)E®c>eA^ + A^ ane/ 

= (D\)/ 


{D%)pdA^ + 


M 


23 



= a"Aiv + + A" Sne/ e^" 

= apA- - a-jv A, * - i (a,A'' + a'*A^ + a''^, A,a) + a" ane,.“ e„", (6.15) 

where we have only included the components of the parameter at levels zero, one and 
two and discarded the rest. On the other hand the left-hand side of equation (6.11) is 
given by 

^ 5;) (e/heA“). (6.16) 

and so 

ea^5eA“ = -^e„^heA“. (6.17) 

Using this result, and equation (6.15), we hnd that 

5e/ = he/ e/ - ^ / (e/ 57^“) 

= a/ + i ^ k/ + A" ane/ e/. (6.18) 

We now consider the gauge transformations of the level zero scalar helds which are 
contained in the scalar vielbein however, the scalar vielbein, given in equation (A.28), 

contains the combination = (det e) ^ d^y^. Taking 11 = TV and E = M in equation 
(6.11) give the equation 

cT^Sd’^P = {D!^f + d’’p,A'' c»n<i'"p 

= 6 _ 81‘pA^Q') + rp^dnd^p 

+ ('5;■5? - [(B%)y 9«A- + (D'./q9«Ap + (B%)/’'‘QaVAA]| 

= 6 (!>“)*” (^W - 9'‘pAp«) - I 4 (SpA" + fs'^Ap + Ifl'-pA/) 

-Fd^y^A’^ 9nd^p (6.19) 

While the left-hand side is given by 

= d^j^Sd^P - ^ 4 ^eA“). (6.20) 

As a result, truncating as before, we hnd that 

SdN^d^^ = 6 (a^Ap -a^pA/) Td^^Anand'^p. (6.21) 
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In order to find the transformation of level one field AaN we take H = fu. and T, = N. 

The left-hand side of eqnation (6.11) is then given by 

= E^^ SE^<^ + E^^ SE^p = (det e) ^ kl„^ h [(det e)” ^ e^“] - j^jSA^p 

^ - (ddp^ d^^) A^^ + (e„- he/) (6.22) 

where {ddp^ dj^^^ and (ea'^he^“) were fonnd in eqnations (6.21) and (6.18). While the 
right-hand side of eqnation (6.11) is given by 

Ean = (D/^xr (^Jn ^ (^^AT 5ni?/) 

^ + (-^/xjv) M, dpAjy -I- A duE^ ) -I- ... 

= d^A^-lQd^^pd^K/-K^ dnA^j^-A^ {d^^ dndN^) A^p,+K^ (e/^ne/) A^^+... .| 

(6.23) 

Combining these last two eqnations we find that 

dA^Pi = A duA^pi — d^Api + 10 dj^j^p d + d^A A^jp 

Efj — 10 dj^pp d^^^Aq A^pj -I- ..., (6.24) 

In deriving this resnlt we have nsed the following identity 

10 dppp d ^ ^ ^NPR d d ^Aq j — 10 dj^pp d Ag d A^pj, 

(6.25) 

the definition 

A/= a/+ <;'"«* Ag .4^« (6.26) 

and we have discarded level two derivatives of the level two parameter, that is, terms of 
the form d'^p^* where • is any parameter. Keeping only the parameter Ap, except for one 
term with the parameter A^^, we find that the variation of the level one field is given by 

dA^Pi — —dfj^Apj + A dpA^pj — A^p^d Ap- — 10 dppp d ^^Aq d A^pj 

+lQdp,jppd^A/ + ... (6.27) 

We note that in carrying ont this last step we have, in eqnation (6.26), redefined the level 
two parameter before we have discarded it. The similarly trnncated resnlts for the vielbeins 
in space-time and the scalar sector of eqnations (6.18) and (6.21) are given respectively by 

5e/ e/ = d^A^ + ^ / d^Ap + A^ ^pe/ e/. (6.28) 
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and 

= 6 {D^)Q^d^Ap + d^^A^dpd^p. (6.29) 

Equations (6.27-29) are indeed the the transformations of the gauge helds found in 
the papers [35,36] on the hve dimensional exceptional held theory. However, to get these 
formulae we have carried out a brutal from the En perspective. In particular, we have 
set all components of to zero except Ay^, something which is only compatible with the 
symmetry GL{5) 0 Eq part of the En symmetry. 

7. Conclusion 

In this paper we have started from the En approach in hve dimensions and evaluated, 
at the low levels, the corresponding gauge transforms and generalised held strengths for 
the helds which are dehned on a generalised space-time whose coordinates are the usual 
coordinates of space-time as well as Lorentz scalar coordinates that belong to the 27- 
dimensional representation of Eq. We also introduced matter helds transforming in the li 
representation into the non-linear realisation and gave their transformation rules. After 
a radical truncation the resulting formulae agree with those proposed in exceptional held 
theory. As we explained in the introduction the main ideas that underlie exceptional held 
theory are those proposed much earlier in the context of the EnGish non-linear realisation 
and, as one can choose to work at low levels in the later, it should not come as too great 
a surprise to hnd that one does indeed recover exceptional held theory after a truncation. 
While we have not computed all possible quantities the reader can be left in no doubt that 
exceptional held theory is a truncation of the En 0s li non-linear realisation. 

The truncation required to hnd exceptional held theory only preserves the Eq symme¬ 
try and breaks all the higher level En symmetries. However, if one would like to extend 
exceptional held theory to include larger symmetries one only has to include the higher 
level helds and coordinates in the i7ii0s/i non-linear realisation, that is, adopt the i7ii0s/i 
non-linear realisation as ones starting point. Seen in its proper context exceptional held 
theory provides evidence for the Eu approach. 

As we have mentioned in the Eu approach the dynamics is determined using the 
symmetries of the Eu 0s li non-linear realisation. This was carried out in four dimensions 
for the gauge helds and scalars [22], although the calculation of the gravity-dual gravity 
equation was not fully worked out. Analogous result were also found in eleven dimensions 
[21]. It would be straightforward to hnd the equivalent results in hve dimensions and 
it would be very surprising if these, when radically truncated, do not agree with those of 
exceptional held theory. We note that we do not apparently need the gauge transformations 
studied in this paper and certainly not the matter helds. However, it could be that a 
knowledge of the gauge transformations could shorten the calculation. 

One fact that emerged in references [22,21] was that the i7ii0s/i invariant equations of 
motion were invariant under the usually understood gauge transformations of form helds 
and we see in reference [24] and section four that, at the linearised level, they are also 
invariant under the low level gauge transformations associated with the generalised space- 
time. Thus it might appear that the symmetries of the Eu 0s /i imply the presence of the 
diheomorphism and gauge symmetries. This possibility requires further study. 
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To find the dynamics of the En h non-linear realisation at higher levels reqnires 
ns to hnd eqnations of motion for the helds which are beyond the nsnal snpergravity 
helds. However, these helds have in general mixed space-time indices, that is they do 
not jnst possess one block of totally antisymmetrised indices. As snch they possess gange 
transformations that are mnch more complicated, bnt are correctly given by the gange 
transformations proposed in reference [24] where the gange parameters are in one to one 
correspondence with the /i representation. As a resnlt the gange invariant held eqnations 
for these higher and higher level helds will involve more and more space-time derivatives, 
indeed one more space-time derivative for each additional index block. It follows that the 
eqnations of motion cannot be given by a Ricci tensor eqnal zero condition as this has 
only two derivatives. The gange transformations contain the rigid En transformations 
[24], bnt these symmetries will rotate the low level snpergravity helds into the higher level 
mixed index helds and as a resnlt one might not expect the Riemann tensor to be gange 
invariant. As snch the geometry that the non-linear realisation corresponds to mnst be 
qnite different to that which encodes Einstein’s theory and more similar to that fonnd in 
higher spin theories. 

The dynamics of ifn 0^ /i non-linear realisation of the fonr and eleven dimensional 
theories given in references [22,21] is formnlated in terms of dnality eqnations which are hrst 
order in derivatives. However, these eqnations only hold modnlo gange transformations 
and to eliminate these one mnst act on the eqnations with more and more derivatives as 
the nnmber of gange transformations grows. This is consistent with the remarks made in 
the previons paragraph. 

Exceptional held is dehned so as to possess a section condition which restricts the 
dependence of the helds on the generalised space-time. Indeed this condition is reqnired 
from the very ontset in order to perform calcnlations in this theory. However, in the En 
approach one does not, at least np to now, need snch a condition to hnd the eqnations of 
motion. As snch it is possible that the need for the section condition in exceptional held 
theory is a resnlt of the radical trnncation reqnired to hnd exceptional held theory in the 
Ell approach. As was pointed ont in reference [47] the section condition of Siegel theory 
is a BPS condition and it is not nsnal to impose snch a condition from the beginning. 
How the restrictions on the held dependence on the generalised space-time might arise was 
addressed from the viewpoint of the hrst qnantise string theory in reference [48]. One can 
think of the generalised space-time introdnced in the En^gli non-linear realisation as an 
ehective spacetime jnst as one thinks abont a held theory as an ehective held theory. From 
this perspective how to recover the spacetime we are nsed to is a physical qnestion whose 
resolntion might reqnire ns to nnderstand the physics of spacetime in a more fnndamental 
way. 

To hnd the diherent theories in the En approach one decomposes the algebra into 
diherent snbalgebras. As snch the theories in the diherent dimensions are the same bnt the 
qnantities are rearranged [10]. Hence it is obvions from this perspective that the theory in 
hve, or any other, dimensions will lift, or descend, to the theory in the new dimension. 

As we mentioned in the introdnction the En conjectnre is that the ehective theory of 
string and branes is given by the dynamics encoded in the En^gli non-linear realisation. 
If one has conld show that the dynamics, when trnncated to the low level helds which 
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depend on the nsnal spacetime only, are jnst those of maximal snpergravity theory then 
one wonld, in effect, have to believe in the conjectnre. This follows as some of the fields 
present at higher levels in the En theory are known to present in the nnderlying theory. 

In reference [22] this resnlt was shown for the vector and scalar fields and the graviton 
eqnation was also correct at linearised order [49]. The technical problem that arose for 
the graviton eqnation is now nnderstood [51], nsing the ideas pnt forward in reference [50], 
and it is to be hoped that this calcnlation can now be completed. 
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Appendix A: The five dimensional theory 

In this appendix we review the E\i h non-linear realisation in five dimensions. The 
five dimensional theory is obtained by deleting node 5 from the En Dynkin diagram to 
find the algebra Gl(b)®E^,. The En^gh algebra is then decomposed into representations 
of this snbalgebra of En [12,44]. 
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The generators of En are denoted by R—. The level of an En generators is jnst the nnmber 
of np minns down GL{5) indices. The positive, inclnding zero, level generators of the En 
np to level 3 are 


^aia2,b 


(A.l) 


where _r[“i“ 2 T] 


0. The negative level generators are given by 


RaM 1 Ri 


N 


aia2 


, R 


010203 


R 


0102 ,bj ■ 


(A.2) 


The /i representation decomposes into representations of Gl{5) (8) Eq as follows 

lA = {Pa, Z^, ZV, (A.3) 

The fonrth generator has no symmetries on its indices. The level is the nnmber 
of np minns down GL(5) indices pins one. For all these objects the lower case Latin 
indexes correspond to 5-dimensional fnndamental representation of GL{5) (a, b, c, ... = 
1, ..., 5). Lower case Greek indexes correspond to 78-dimensional adjoint representation of 
Eq (a, /3, 7 , ... = 1, ..., 78). We note that the generators of Eq are denoted by which 
has no nnderline on the a. to distingnish it from the generators of En. Upper and lower 
case Latin indexes correspond to 27-dimensional and 27-dimensional representations of Eq 
(N, M, P, ... = 1, ..., 27) respectively. An arbitrary gronp element of En 0^ R can be 
written as g = gig e where 

gi = exp Pa + XnZ^ + Xa^ Z V + a “ + Xab Z“' + . . .) , 
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QE = exp [ha^ exp ((p« i?“) exp (^aiaaag, a 

exp(^„,„/i?“i“^Ar) exp (A^at .... (A4) 

In writing this gronp element we have nsed the local symmetry of the non-linear realisation 
g ^ ghto gange away all terms that involve negative level generators. The gronp element 
gi is labelled by the qnantities 


a N 

X , Xj\j^ Xa 1 ^aia2,a7 ^ab-) 


{A.5) 


which will be identihed with the generalised coordinates of the generalised space-time, 
while the helds 


ha 1 AaM t ^aia2 i ■^aia2Ci3, cti -^aia2,bi • ■ ■ (^'6) 

which depend on the generalised space-time. 

We now give the En algebra when written in terms of the above generators. The 
commntators of the En generators with the GL(4) generators are 

K'^d] = 51 K^d - 5^d [K\, ^“] = 0, 



R^^] = 51R^^, 

lA-VfioNl = -'5?fi(.N, 


[W“5, i?“'“^Ar] = 2 5^“' 

[A'7, = 

[K' 

i?“l“2«3, aj _ 2 ^[“1 ^ a a2a3], a 


[K^b, =2 5^“' RH^2],c^gcj^a^a2,a^ 

[AT Aaia2,c] — — 2 l5[„j A c — 

[K\, 

• •«4 1 p|«|a2a3“4] 

NiN2\ — 40^ WiATs, 

[A'7A„,...„y>'^^] = - 4y„, 


cAf j _ ^ j^\a\a2a3],cN J^aia2a3, aN 

[K 5, Raia2a3, cn] 3 hi\b\a2a3], cN -^aia2“3i bN ■ {A. 7 ) 

The commntators of the En generators with Eq generators i?“ are determined by the 
representation of E^ that this generator belongs to. They are given by 

[i?“, Rh] = R\ [R^, R^^^] = [i?“, RaM] = - "^RaN: 

r DQ paici2 1 _ / N paia2 f E? -^1 _ E E^'^^ E? ^ 

[n , K m\ — — )M -ti N, [-ft , Ka^a2 \ Jm ^aia2 i 

[pa paia2a3,/3l _ fa^ paia2a3,7 [ E?“ R P] — R 'E 

7 J J 7-“- 5 7 .‘•'aia2a3 J J 'y ■'■''aia2a3 i 

[i?“, =0, [R^,Ra,a2,b]=0, 

r iDCt T-fabcd 1 / r^cx\ P -nabcd ( r^Q^\ P ryabcd 

[K , K mn\ = — JM JX PN — [P' )n JX mP^ 

[i?“, Rabcd^^] = iD^)p + (D“)p ^Rabcd^^: (^-8) 

r E?a paia2«3, bM~\ _ ( TyCi\ M paia2a3, bN \ T3Ct t 3 1 _ / E^aN N t 3 

[-K , r£ \ n ria^a2a3,bM\ — — )m -^aiajas, bAT. 
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where are the structure constants of normalised by 




{A.9) 


We lower and raise indices on the Eq generators with the Cartan-Killing metric ga/s of 
Eq. The matrices are the generators of Eq in 27 representation and so obey the 

relation 


[D^, (^.10) 

They are normalised so that 

^ 9 ^^ (All) 


The commutation relations of the positive level En generators are given by 

r T^aM -DbN~\ jMNP iDab f iDaN T^bc 1 / 7W ^ N -nabc. a. i -nbc.a 

[it , J = a ix p, , tt mJ = ^ ^ ^ 

r iDdb -Tfcd 1 T)abcd on ^ stable. d\P \ r^aN r^bc, d~\ r^abc, dN ^ -r>bcd, aN 

[K M, ^ MN—^^(dMNP^ , [JX ^ JX J— ’ 

“] = 3 (Il")p + 6 (^-12) 

where is the completely symmetric invariant tensor of Eq formed from the product 

of three 27 representations. The invariant tensor dMNP, which has its indices down, is 
completely symmetric product of three 27 indices and satishes the relation 

d^^^dMNQ = Sq ( 74 . 13 ) 

We follow the conventions of reference [44] rather than reference [12], the difference being 
a rescaling of d by y/E. We will also use the relation [44] 

(74.14) 

The commutators of negative-level En generators are 


[RaN, RbM] = dNMpRab , [RaN, Rbc ] = (-Da)jv -Ra6c“ Rbc,a- 

1 


M^_20rfMWPp 


a6[c, d]Pj [RaN 1 R-bc, d\ Rabc,dN g Rbcd, aN •> 


r p M p N~\ _ p 

[-tiab , ^cd J — -tiabed 

[RaN, Rbcd, a] = 3 d]\fMP (-Da)p ^Rabcd^^ + 6 (Hq) p- ^R, 


bed, aM • 


(A15) 


The commutators between the positive and negative level generators of En up to level 4 
are given by 


R'^^.RbM] =6SliD^)M^R" + SZK‘^b 


-6^ 
3 


M ^b c, 
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[RaN, 


[R^n, -R‘“m] = 20(i„MP<5L‘ Ric"] = 

= 18(D“)^ "if -Ra.„„“] = 18(B”)„'"f.-R„,„,|"| 


(.4.16) 


[R^^,Ra,a„b] =d^Ra,a,^ -S(iRa,a,]^, 
[RaN, = ^OdN[N,\M\ (^a)Ar,] i?“2“3a4],a^ 

Ra,...a,^^^^] iDc.)M''"^^[a,Ra,asa,‘^, (^-16) 

[RaN, i?“l“ 2 a 3 ,bMj _ « _ (L>«)^ ^^^[6 ^aja^as], a ^ 3 ^[a, j^a,as],b^ 

i?a,„,a3fM] = (Ila)M'^^6 ^a,a.a3“ " (I^a )m "^^[6 a.a3]“ + 3 5[“, i?a,a3],6- 

The Cartan involution acts on the generators of En as follows 

R {KR) = -K\, R (R^) = - i?-“, R {R<^^) = - RaM, 

T (P T ( P“^c, a\ p T ( paici 2 , c\ p 

-l^c M) — MN -^ab , -l^c j — J^abc, —a, -Lc ) — J^aia 2 , c. 


R{R° 


'\ _ T—1 T —1 p PQ T ( Tjabc, dN\ _ jNM p 

^MP '^NQ ^abcd , \ ) — '-' ^abc, 1 


(4,17) 


where the constant Jnm relates generators with the 27 and 27 representation under the 
Cartan involution. 

The scalar product on the En algebra [R—, R—) = g-- dehnes the Cartan-Killing 
metric g—-. It is straightforward to calculate using its invariance property, {[R—, R—], R—) + 
{R—, [R—, R—]) = 0 together with the above commutation relations. 

We hud that the En Killing metric in the decomposition suitable to hve dimensions 
is found to be given up to level 2 by 

0 00 0 
0 0 0 0 0 


g^ = 


■’d "6 2 ^b ^d 

0 


0 5.“ 5^ 

5l5^ 0 




-20<C- 


where the generators in the scalar product are labelled by 


(4.18) 


TDCt _ r pa T^a TDaN p paia2 T} \ 

K— — {K , K b, K , KaN, -K N, ^aia2 , ■■■/ 


(4.19) 


R^ = {«<’, A-“d, iJ“", R,m, R^'^'m, Rhb", ...} 

The next entries for the metric are more easily given by listing the scalar product 

(^a,a2a3,a^ ^ 3gQ ^a/3 ^a,a2a3 ^ (^a,a2,a^ i?,,= 20 “ 2° • 

(.4.20) 
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To avoid confusion of notation we denote be the Killing metric on Eq and we never 

write the a, j3 components of the En Cartan-Killing metric, although of course we do use 
it. 

We now give the commutators between the generators of En and those of the li 
representation. The commutation relations between the later and the generators of GL(5) 
are given by 


A'“t, Z''*] = Z”'' + St Z“ + - s; Z“*. 

(^. 21 ) 

while with the generators of Eq we have 

[i?“, Pa] = 0, Z^] = [i?“, Z^n] = - {D^)n ^Z^m, 

[i?“, ^ ^aia2,7^ ^ q_ ^^ 22) 

The elements of the li representation at a given level can be introduced into the 
algebra by taking the commutators of suitable En generators of the same level with 
namely 

Pb] Pa] 

[P“i“2a3,a^ P„] = 3 _2 5 [“i (^.23) 

The commutators of the remaining positive level generators of Pn with the li generators 
is determined by the Jacobi identities and they are found to be given by 

[P“^, P^] [P“^, ZV] = - 

Z^] =- p2 (y4.24) 

Commutators between the level —1 generators of Pn and those of the li representation 
are also determined by the Jacobi identities to be given by 


[K\, PJ = - «; Pi + i St P„ [K\, Z^] = i s; 

[A'“i, Z“>“>'“] =2(5',“‘Zl“l“'l-“ + i<SJZ“‘“'’“, [ 

2 


iRaN, n] = 0, [PaAT, Z^] = 5^ Pa, 

[RaN, = -12 

Commutators with level —2 generators are 

[Paia/, Pb] =0, [Pa,a/, = 0, 

[Pa,a/, 


[PaJV, Pm] — — 10 d^MP da Z^, 

[a.n. Z‘“] 

(7.25) 

Z^m] =205£5|‘,P„|, 

Z'’*”"] = - ^ Stitl Z". (7,26) 
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are 


Commutators with level —3 generator Raia 2 a 3 ^ 

[Raia2a3^^ Pb] = 0, [Ra^a2a3^ ^ = 0, [i?aia2a3°'i m] = 0, 

= 3609“'5 [«««»,“. Z'’'] = 0. (A.27) 

The generalised vielbein is dehned in equation (2.11) and it was found in references 
[12,46] to be given by 

Eu^ = (det e)~ ^ 

! e^^ab\M ^ ^ 

0 (^-^)p V ^ 


^b\a\a2-, OL 
P 




ai a 2 ,q: 


('fi ^h\cd 


0 

0 0 

Vo 0 

where in the hrst line 


0 {e 1)^^ d^^ {e ^)/7V|aia2,a (e 


0 

0 




, (71.28) 
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^a|aia2,a — 3 ^aaia2, a 2 A^^JM (-^a)iV “I" ^ A^^JP ^ (-^a)^ 7 


2 

Oia\cd = — 4 ^d(a, c) “ 2 AcN “ “ ^aAT ^ 6 M ^cP 

6 


(.4.29) 


in the second line 

jAT M /( jNMP qN 


ON M _ A jNMy ON _ A M (TA \ N _ ^ A A jNMt' (TA \ 

Pa Z1(jP a , jJ aia2,a n -^[a^M -^a2]R^ 


P ’ 


/ 3 ^ab = — 2 Aab^'^ + - AaM ^&P d 


N 


NMP 


and in the third line 


7 JV|aia2,a *^[ai ^a2]M (-^a)jv ’ T N\cd A(,j\[ 


(.4.30) 


(.4.31) 


The indices N, M,... are curved Eq indices while the indices N, M,... are tangent Eq 
indices. The held e^“ = (e^)^“, but it will turn out that the actual vielbein is given by 
e^“ = (dete)“5e^“ and we will in the main text of the paper use dM^ = {dete)~^dM^ 
The inverse generalised veibein is given by 


Ea^ = (det e 


A 

p ^ 

7 N 

^a\N 

{d- 

J M 

M b 

Cfi 

0, M 
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, (71.32) 
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where in the hrst line 


a 


a\N 


= A, 


aN, 


^ N _ o A N ^ rl 

^a\b ^ ^ab 2 ^ 


NMP 


^aM AbP, 


(^.33) 


^a\aia2,a ■^aa\a2, a -^a[a\ -^a2]M {.^Oi) 


M 


N - Q^aN A[a^M Aa^jpd (Da) g , 


«a|cd = 4 Ad(^a, c) ~ 2 Aad^ AcN + g AaN A},M AcP 


(^.34) 

(^.35) 


in the second line 

/3^a^ ^-Aapd^^^, 13^ 


1 


aia2,Ci 


- Aa,a2^^^ [D^]^ ‘^+- {D^)p , 


1 


13 ab =‘ 3 ‘ Aab + - AaM AbP d 


NMP 


M t T, \ -/Vi / 1 _ A _ jNMP/ta \ R 

a)p 

(^.36) 
(^.37) 

and in the third line 

7“jV|aia2,a = <^[ai ^asJM (-Da)Ar 7“^|cd ^cAT- (24.38) 

Appendix B: Calculation of the covariant derivatives 


The gange transformations of section three and the matter helds of section fonr both 
involve covariant derivatives given in eqnations (3.1) and (5.4) respectively. Althongh 
these formnlae are very elegant to evalnate them for specihc cases can be rather and in 
this appendix we show in detail how do this is done. The covariant derivative in these 
sections acts on an object, denoted here by •, that transforms nnder /^(Tlii). It consists 
of a projector acting on a more familiar type of derivative which is of the generic form 


Da* = E-\^{dn - nn,^{D{R^) - D{R-^)}. (BA) 


where bln, a is the Ic {Ell) valned connection and D{R—) is the representation of in¬ 
appropriate to the object on which it acts. We recall that by dehnition 11(1 + i?—) = 1 + il— 
and so we adopt the shorthand notation D{R—) = D— as this makes it clearer what 
generators are involved. 

As explained in section hve for the object which transforms in the li represen¬ 
tation restricted to /c(i?ii), the covariant derivative before it is project into the adjoint 
representation is given by 

DaV^ = E-\^{dnV^ - V^nn,E’^) {B.2) 

where nu,E^ = On,a(Il^ - D-^)e^ = b!n,a(I^(in^) - D{R-^))e^. 

Let ns begin by evalnating the inverse generalised vielbein. Using eqnation (A.32) we 
hnd that 


E 


-1 n 


dn = (det e 


dn, 3 ~A(iA! d 
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2A 


ab 
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--d 


NMP 


AaR Abs ) e„^ dM 


M 




(5.3) 
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E = (dete)2 Aap dM^ ^ . , {BA) 

and 

V" dn = (det e)^ d^^ e/ + ..., {BA) 

The evaluation of the inverse generalised vielbein in front of the term in the covariant 
derivative which contains the connection takes an analogous form, but with the partial 
derivative exchanged for the connection. 

We now consider the evaluation of the connection which has the form 

= nn,^{D{R^) - D{R-^))e^ = nn,^{D^ - R-^) 

= nnJ{D{K^f) - D{Kfe))E^ + nnAD{R") " D{R-^))e^ 

+nu,cp{DiR"'') - D{Rcp))e^ + nn,e^e/{D{R^^^^p) - D{R,^,/))e^ + ... ( 5 . 6 ) 

Contracting with and evaluating using the components of the multiplet of equation 
(5.3) we hnd that 

V^nn,E^ = ■C“On,a||^ + VMOn,'^ll'' + + • • • 

= l/“b!n,a(5(5^) - 5(5-^))„||^ + VMOn,a(5(5^) - 5(5-^^))'^ll^ 
+V^^nn,^{D{R2-) - D{R-^))l,\\^ + V,,,,MnAD{R^) - D{R-^))-^^^^\\^ 


+Vc,cAnADiRA -d{r-A)^^-^A + ■■■ (^- 7 ) 

When B takes the value b to hnd that equation (B.7) is given by 

V^nTi,E^ = V^nnA{D{K‘^f) - 5(K^e))c||' + VMb!n,cp(5(5=^) - 5(5 ,p))'^II'’ 

+V>ll^b!n,e,e/(5(5^^^V) - 5(5e,e/))^M||' + • ■ • (5.8) 

and as a result we hnd, using the algebra of appendix A, that 

-V^nn,E^ = -2V^nnA - VpQ^^ - 20K'^On,"V + • • • (5.9) 

When 5 takes the value N we hnd that equation (B.7) takes the form 

—V^fln,E\\N — V‘^fln,cN + kMf2n,a(5“ — 5““)jv^ + lOdpMAfVg^^n,^^ 

20 

-120Kic./3On,"^"V(5^)Ar^ + n + • • • (5.10) 

While when 5 takes the value we hnd that equation (B.7) takes the form 

-V^nn,E\\a^ = 2V-nu,ca^ - On,a(5“ - D-^)m^ 

+2VAnnA + --- (^-11) 
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The covariant derivative of of equation (5.4) and the gauge transformation of 
equation (3.1) has a projector onto the adjoint representation of Ic(-Eii). We will now 
show how to evaluate this projector. We called equation (5.4) for the covariant derivative 
of the vector V^; 

Va ^ ' {dJ)c^ Dd V^. (S.12) 

The hrst step is to evaluate the projector which using the Cartan-Killing form of equation 
(A. 18), we hud that 

Substituting this into equation (B.12) we hud that it becomes 
Va ’’ (I1%)„ {Dff)c^ Dd Dd 

= DaV^- D\ ^ (D, W + D^V^ + D-jv + ...) . (5.14) 

Finally, we consider the covariant derivative of the Vjv component of which is 
equal to 

V„ = ° Dd (Bep)c“ Do (B.15) 

since the only value of a for which (5—)^^ is non-zero is a = bM. Using that ^ 

— 5^ 6^ and the Cartan-Killing metric of equation (A.) we hud 

VaVN = - iDaN)c'"DDV^ 

= DaVN- 10 dNMP Va^ - 12 (5“)^ ^ D^m Wb, a - ^ n Vab - ^ D\ Vba- (5.16) 
Applying the same procedures to the covariant derivative of the we hud that 

= (B. 17 ) 

where “^“^m is the only value of a that gives a non-zero contribution and — ^ factor 
comes from the Cartan-Killing metric. This in turn is equal to 

Va Vb^ = +2 5 [, - 12 ( 5 “)^ ^ D^ Vab,c + ^0^ V^^b]- (B.IS) 
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